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ABSTRACT

This paper details the procedurc for determining the constants in
a reasonable empirical form of eduation of state of solids from date on
the isothermal compressibility at zoro precsure, the ceefficient of
thormel expansion, and a single Hugoniot curve. The method is illustrated
by application to aluminum. The exact equation ralating the material
velocity to the experimentally moasured free surfece velocity is worked
out, since both material and shook velocitles arc needed to construct

the Huponlot curve,
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T. INTRODUCTIOW

A shock wave of pressure P, movinr wit! the welorcityys, into materinl at
rast, and at zero pressurs, comprssges the material fCrom the specifio volune Vo
to n smaller specific volume V, by an amount AV =7 - Vo < 0, and leaves the
matarial behind the shoek front moving wish the material veloocity Uge

A meesursment of the shoch: velooity, s, and the ma%orial weloelty, 4,

uninnely determine P and V if 7  is ‘mown, by the rolations:

’

s 2 ¥ /(- av) . (1.1)
2 / ‘ \$ 7 LY
us - \"- AJ)P . \I.L-/
so that:
(«AV) = Vo us/h . (I.3)
-~ / .
2 - uss/vo [ ] (I'4)

If the equation o state of the material is known, so that the intornal anergy
of the material in which the shook fromt moves, is given as a funciion »f P and

T
L-"

V, then tMee Hluroniot Relation:

AE = X p(=nav) . (Te5)

o]

whicn must hold betwesn the internal enerry incronse, AFE, in the shock, and P and
<AV, parmits a unique awmluation of the wvalua of (=AY} for any nressurs P, Conversely
neasurenant of ug and s for various sroeck intensities, lmad, through scustions (3)

and {4} %9 an ~valustion of the Huroniot Curve of related ¥ and -OV valuas, Tor

which the internal esneryiy ohangs AT, must be siven by (8,

The shoc valocity, s, ray Lo measural with accuracias of tne order of one

ner cent by the ~in %echnique, The material velocity, u, is not readily nmeasured

-

Hirastly. Instead, one measuras what is onllad the "free surfaca valnolty", wueg,
which 1s a;proximaiely twise the matarial vsloelty behiind the shoei, ug:

(Teh )
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The free surface velocity, Wpg, is the mgtgrgal velocsisy acquirad by matger av
rest which has been subjected to a shoc# w;ve followed by a rarefaction wave to
zero pressure, the rarefaction wave moving directly opposite to the direction of
shock wave, This is observed experimentally by determining the velocity of a surface
in contact with a region of zero pressure (actually agggmt‘qtﬁgﬁph»rw pressure ) e
after a shook has reached it from the inside, travelling in a dirsction ﬁorm#l to
£ﬁe free surfaoce.

The free surfaos velocity, Upys MAY be writtien as'the sun of two approximately
equal veloclties, u and u,, the former being the material velocity acgquired in the

shock, and the latter being that acquired in the (adisbatic) rarefaction wave

reducing the pressure to zero. The latter velocity is giwon by the egzntion:
~f ‘ , Al M‘M b e
P ﬁ:;‘,ﬁ.«,&d p’ #WN.J Ay AR 7& j’

P by .
u. s g (=3V/0P)=aP contid .rwﬁqﬁ/n wone. (1,7)
o) o ¥

whore (=JV/OP)  1is the derivative taken at oconstant entropy, S,

For weak shocks, in solid materials, (-BYAB?)S may be regarded as constant, so

that:

b Y
oz P(=3V/0P)2
‘Jr — ( / )s'P=o o (1.7')
Sinoe, for weak shocks, the Hugoniot curve follows the adiabatic, (=AV) 2P(«dV/OP) P
8, [+
one has, from (2),
1

ug & P(=3V/0P)°

8,P=o (1.2')

_and equation (6) that us wyvdu, is approximately twice ug follows. For strong shooks
appreciable deviations from (6) ocour,
The exact equation relating ug and the free surfase velooity, Upncp may be

written:

ug = & up, [1 + g(P) ] . (1.8)

where

—=—=|UNCLASSIFIED
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’ YINLLADSIFIE
P P %
S (-av/ap)“;‘?rw j (waV/5F),aP Y
g(P) =41 = =2 14 =2 '

(~av/e) P (~av/e P . (1)

= [1- (ur/%)]/ [1 ¢ “r/“s)] :

15 2 number which approaches zero for smell pressures, and is presumcebly nsver

large.

UNCLASSIFIED
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II, EQUATICN OF STATE ASSUMPTIONS.

A ¥novledge of the cormion "first derivatives", ocomprossibility, /, co=
efficisnt of thernial expansion, &, and specific heat, Sp a% room temperature and
zoro pressure, plus a measuremont of a single Hugoniot curve is not suffiocient to
establish the complete equation of state of the material in the neighborhood of
those pressures and volumes reached on the Hugoniot,

In principle, at least, a measurement of a family of Hugoniot ourves, obtained
by measurling the shook and material velocities in shocks produced in the same material,
but at different initial densities, would establish a unique equation of state.
Howover, it appears to be more practical, at least as an inttial attempt, to assume
a simple and reasonable enalytical forin for the equation of state, and to use the
Hugoniot ocurve to determine the parameters of the equation,

The three quantitises:

o = (1/N)BVAT), . (1T.1)
ALz =(1/0)EV/H6P), . (11,2)
op = (OH/T)p . (IX43)

cormonly lmown at room temperature and zero pressure, serve to fit three parameters
in any assumed equation of state, These threo quantities also determine the initial

slope of the.Hugoniot curve:

1im - AT) -V
P—0 L—i’_— = (—-§-§> s VO/ ad ¢ (II.4)
Hug 8,F=0
/%d S /5’%/% ’ (11,5)
op/ey = 14 (W a’/fbey) (11.5)

A measurement of (-AV)/P at a pressure sufficiently high to show a sipnifiecant

deviation from (4) would permit one to obsain a fourth paramoeter, say by writing:
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and determining A, Meausroments of greater asccuracy, and at higher pressures, may

pernit the determination of a fifth paramoter by the use of an equations

[—Av/p]nug - (= a"v/ap)s’ [1-A(-Av)-n(-av)?‘] . (1Te7%)

P20

Very considerable rofinement in acouraocy, and extension of the pressure range over
that now measured,would be required for the ovaluation of a sixth parametor,

Tho question is theu to find slmple four and five parameter equations of
state which sntisfy our prejudices of reasonableness in analytiocal form and which
can be readily handled,

Fromn a theorstical point of view the equation of state may be regarded as
detormined if both the energy E, and entropy S, are given as funetions of volume
and temperature. Howsver, the two derivatives with resnact to tomnerature must

benr the relationship:

(QS/ST)V s o/T = (1/)(9E/3T )po (I148)

No necessary relationship nesd exist between the volume derivatives.
A simple and convenient form to assume for the volume devendence of the internal

energy at T=0 1is

E(T=0) = AV 4 B(Veb )’(U'l) :

”~
e

By introducing:
V* = Vob . . . (11.9)

one may write this ass
LAY
E(T=0) & TV*| 1 ¢ 20} | L5 *
) = i =T . f:T TTVOO ’

80 that '3
*

. v
P(Tz0) 2 = JE(T20)AV =T [1 - ""‘;:
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and VZD is seon‘ %o bo the valuse of tho spacific volum» at F=0, T20, minus the
parameter b,

At tho entropy of the material at roon temperature, Fa0, most motals, at
least, haveo the constant Dulonz and Petit wvalua for Sye Except for extrenely
intense shocks, in which the temperature becmws so high that electronic degross

of freodom are eoxoited, it is probably reasonable to assww thats

'OV":SR . »
1

(1Z,10)
R =(1.985/A1) cal deg”

with M the (averags) gram atomic weight,

We, tharefore, assumes for E{V,T) the form:
«#\ 7
. v .
Bz TV ‘.1}%-_1.-1- <-—$§- } & ZRT -Z,-}_-:T TV o (II,11)

- x
The last term, -(b’/a’-l)ﬂ'voo is constani, and of no real significance, but merely
fixes Ez0 at PaQ, T=0,.
If the heat capaciby per gram at constant volums, cv:(aE/éT)v, is assumed %o

have the constant value 3R one may write the entronw, 3. as
R ' 13N 2

5 2z 3R L{XT/hw)
where 2 is som sverage froquency. In genseral  inoreases with decreaging vclums,
but probably depsnds vory little on the tomperaturs. If one assumos that the volume
dependence of 2/ can be adequately exprossed as an inverse power of V¥ = Vb,

with the same parameter b as occurs in the onergy expression, one may write:

TPAY=1

Y; *

S = 3r.0n (T/R)V*AT ) . (II,12)

In %his exprussion @, of dimensions of Lemporature, is merely introduced for ths
convsnience of haviny all subsequant equations dimensionally oorrect, but plays no
other rols than that of fixing the absolute valu» of the eniropy, whioh is chossn as

zZoro at V,-_-Voo, Te Qo

APPRO\/m RELEASE
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Equation (11) for F has fow independent parameters, which are
b , dimensions volum3 par gram
77"', aimensions pressure
kR , energy per degres, assumed siven by (10)
¥ » dimonsionless,
Bquation (12) for S introduces one more paramater:
Ay, dinensionless ,
besides the completely immaterial 8. Thus (11) and (12) constitute the two fundamw

montal equations for a five parameter squation of state,

It for no goed reason but that of conveniense one chooses

AY=0 {IX.13)

one has a four parameter equation of state.

[ 2
SURIEE P

¢
t

There oxistas a theoretical argument for assuming the froquencies proportisnal

1
n y 5
to (Q“E,/avg)’ or, fron (11},

z PR o -
e -
- ISR *

[ SOV 4

- 3
o (rs1)/2 A
VN(\Y:O/V*) .

T+ O~ =Hys) |,

or,

A¥zg -3 3 -0 (11.13')

Sinoe nmumerical values of about three seem to fit for ¥ this equation would lead
to small valuss of Q¥ o Tho theoretioal argument for assuming, the frequsnoy
square ho he provortional %o azE/avz is sufficiently wenk to make it appear in-
advisable to sacrifice the roal convenience of the assumption (II,13) that AY¥= 0
and replase it by (II,13'), However, either (13) or (13') might be used to eliminate
AY in order to have a four pnrameter equation of state, '

Equations (11) and (12), with or without the ussurytion of (1%3) that A¥ = ©

have been referred to as four eand f'ive parancter equations respectively. Actually

oquation (IX.0) fixes cne of the parsmoters, namely R, in a trivial way from the
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atonic weighte Insofer os o, differs significantly from the value of equatien (10)
the assunption of a constant value for Oy will be errcnecus. The three (or four)

remaining purameters, 7, b, ¥ (and AY if 13 is not used) must be desermined from
experimental Valués of the quantities: /fo, the isotherrmal compressibility at Fg0;

o ., tho coefficient of thermal sxpansion; and A (or A& and B) of oquation (7) (eor

[e14
of equation 7%),

In order to eccomplish this it is neocssary o use the equations (II11} and
(11,12) to express these msasurable quantities, S P /50, A, and B, The rather
tedlcus mathenntlios are accomplished in sections III, IV, end V, The useful

equations ere sumarized in section VI for A¥g ¢, and in VII for AYTF 0.

An epplication to some aveilable datn for AL  is given in gsction VINI,




PO e
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TITe VANIPULATICN OF THi FUNDAMENTAL RQUATIONS.

All extensive quantities, E, energy; 5, ontropy, and V, volume, are per unig
ma8s, Introduce

Voo = volumoe (per unit mass) at TzC and FaO,

v (f} volumo (per unit mass) at T and PsO,

V. (S8) = volune (per unit mass} at S end Fz0,

V* 2 Ve,

v (T) =V o(T)=b,

Vb(S) g V,(8)=t,

VoT = V*(T‘/V:O ’

= VISIAE

Vp = V*/V;(T) R
Ve = V*/‘V:(S) .
vasa v*/V;o

g0 that

v "&;0 = Vel B Vg Vog 2 Ve (1T1.1)

Use, 8lso,
®

€= v, , (11,2}

and introduce two functicns, one of Hhe ontropy slone and one of Hhe tenrerature

elcne,
. S/3R o
g zelS) = IR(F+AY-1)0 o voé”Am €1, (111.5)
: : -1 -1
£20(T) 3 SR bAY-1) T v € . (111.4)

Equation (I1,12) is:

. ¥hAY-l
s =3k dn (T/6) v , (I11.5)

v LIS (111.6)

__..,._—_ o
.

APPRO\/Ea G RELEASE
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Substitute (1) for V¥AV® end (6) for T in (11.11) for E, to obtain

1 =(Fel) o« Adald ~(YeAY-1)
e é[v PR Y iyt ' "g%'] . (TL.7)
Sinoce,
3/V = (v::o)'1 o/9v , (1I1.8)
| ) "
= Voo og! é»vas

differentiation of (7) at constant entropy, and hence at ocnstant g leads to:

P ('593/’éWJS = Tr[;v-U; gvaix?'LXX) v'(x*¢l¥9 _ 1}

-X. -, A
:“—[(Vosvs) b TTEAY) 1] . (111.9)
At zero pressure va = 1 80 that
vo;"r: 1 - g (I11410)

Use this, in (9), to write
-y (el Y -
p - Tr[va * 4 (vs ( ) - ‘Va a,) - ]] s (III.ll)

Sinco from (1) VosVg S VorVp comparison of (%), (4) and (6) shows that

- {5+ AY)
ST = gvl , (111.)2)

so that (9} mey be written:

Pa Tr[v v v -1}

-y - ‘
:W[Qrvo'r) E R S 1] (117,90 )

and since Ve Z 1 at zero pressure,

-
vy =:-f R (111413)

and,
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-6‘ - -
P - erv? ¢ f(le - VTX) -1 ] . (111.34)
) , ¥ -y oy -
For any given volume, since (vOTvT) e (vosvs) = ¥ (1=f) = g (1)
we have:
- “X
2 (er) = v ¥ (1) (111415)

In gensral,
(2£/9V), = o, (2g/9V), = o,

that is, £ is & function of T alone and g one of 5 alone. Wse (3) and (16) or

(4) and (13), to find:

arfifn T . i‘[l -atn v /ddn 'r]
dg/ds = g[(l/?:R) - W+ AY) a4 Ln vo/’dS] ,
@ dnvosadnr o [(142/1 1-t)] 4 Lnefa Dn o,

a Ln vo,/as = [(1,/x),g,/(1—g)] ¢ In g/d8,

80 that:
dr/ar o (!‘/I’)(l—f‘)/[l -%.E t}, (T11.15)
dg/ds = (g/SR){l-g)/[l ¢ %}"- g] ° (IT1417)
Nowr Aifferentiiate (11) with respect ho V, using (8), to obtains
Qe 23, s TE N3 o[ LRRT D ]
- XX v;b; £ [?’i?l’/ Voo = V;X] , (111,13)

whero, in ths last expression, use has besn made of (12) and (15),.

Similarly, differentiate (14) with respect to V, obtainiaz:
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i . Ty -y 1 ) al
(-ax/av)Tzl/‘v;& :?r Vo &F [b’ Vo = Vg J

Ty (=¥ 1 =bAY) . ]

The ratio of these, from (II,5) gives
$ A¥~1 A 1 [ ey -

LAY -

TEAgel | ={r-1) 1 ¥=1 1
=1¥-‘*'5,-f-=fvr ll--b-,-f[v,l, -5] . (I11,20)

Differentiation of (9') with respect to T, using (4) givos:

©rpT), = o fg o BWIANEL) Te/tve (111,21)

v*
The energy E may be expressed as g funetien of P and ve From (9)

HAY Ay A
L o: o (RArTtEY LAY, g 7, (111422)

and if this is used in (7)

- a‘,‘r‘%ﬁ [(X&A\‘) "' T—f_]v J- ?:bf v-(b'ﬂl) - m;. (III.33)

r=1

If (22) 1s used with (2) one finds

= 3R ./ —Q:W:T { FHAY -t 3 VM'AX?. (I1x.24)
From (9t)
tvgp = (v e ") 4 (111,25)
which, with (4) gives
€ P -(¥=-1
T:Wm {;v-v(b’ )&v;. (III.ZS}

These oquations express the corresponding functions in terms of P and Ve
me may introduse, instead of v, eithepr Vo = VALT) and £(T) or

*
T, = V*/’v'o(s) and g(s), using (1) and (12) or {10)e Omo obtains:
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TT‘V*(S) T
=ﬁi‘)‘a';{x‘d“‘ 7, + 25 G- ""”;

15,

Ty x‘l’)
-—-'——- P - -
FeAYl {[n-an EJVT (1 v \Xl)f -b'b::ér ’ (rr.27)
- El pAY
S =25, + 3R l’n(l/go){[l 4-”_] v, - (l-g)v J? R (I11,28)
P P -
s (To/fo)v{[l .’. ;} - (l-fo)vT ? o (111,29)

AP@MLLQ&L EASE
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IV, THE NUGONIOT CURVE,.

Start at the initiel pressure, P, %o be zero, P, = 0, so that the free
volune is V:, a% temperature T , entropy S_e The relation (I45) determines that

Hugoniot curve:

AR 2 } PV (=AV) 2 3PVex, (1v,1)
L
= 2AVZ Tpyp =121l (1v.2)
v0
From (I11427),
* *
IV, TT‘V 1rV AY -{f- 1) }
- bA - -
= 5iava O msraver O b rssoeery (O )[(1 <)
which, if equated to (1) gives
| -1 lef -y -
w3E e,
[-AV/P} = {=3V,0P) x F(=AVA,) . (T743)
Mug 84P20
with
Flx) = 1 - 3(rbAydl)x (1V.4)
- L 4

AY i—f "‘1
1l - ST5=T) \'(l-x ) -1-(7{'-1 )x]
ll'

The function F(x) may be developed es a powor seriss in {=AV) = xV*, as in equation
o

JI T'e One writes.:

[-AV/PL{ug = (-BV/aP)s,P.-.-o [1 - A(=nV) - B('A")z‘"'] » (TVeE)

VIA =%§(y&:} $[A‘o’fo[l &—-]/[1 s‘“ £ n} .

1+ _Q.I
*\2 1 1-f,
(vo) B 2 1oAY e SQHL) + SOV, T ar .
14 __I f 1¢ —}— f'o

(w37/5P)_ PG " (V"‘o/a’ﬂ‘}(1¥~ 25 ) K
APPRO\/

— T
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£ 2 ZRI(Y + AYL)/T Y,

If Ayz C it is seen that B £ C in the development 1V.5, es would be all higher

termg of tha develomment, For this oase:

- A V | - -~
¢ an) . (%‘5 [1-%(1(&1) -‘—-‘«‘ﬁ} L (A%),  (T.68)
BEug 8,F=C Yo

vhiich can be solved explieitly for (-AV):

=1
<AV - [=0V U iegs s [ = P
() 2(3) e () E

Trag 8, P=0 5,P=0 ©
: (IV47)
apt N
(r/feav) = (=2P/OV) # AIEAL

Mug 5,FP=C

(--av/ap)g’r,:0 = (v:/mﬁ » (A¥=0) .




APPROVED FOR PUBLI C RELEASE

¥. THE RAREFACTION WAVE. (Ay=0)e

In order %o calculate the relatively small deviaticn, g(P) of equetion (I,9),

by which the free surface velocity u, differs fron twice the materiel velocity, Ugs

f's
wo linit ourselves to the case Ay= 0,

In this case (TII,11) gives us

PR g v "7 R (Vol)
-1 a“
VA = v 2 |14 (/)] , (ver’)

whereas from (I11,18)
(-9P/oV),_ = (a’rr/v:)vs'm'h . (ve2)

Corbining these two equations one finds

(r#1)/>
(- 2p/ V), = (ﬂ/v:)[l ¢ (P/rr)] /

(V.3)
1 R (s#1)/2y
(«OF/OV)s = Gym/Y,) [1 ¢ (P/1r)] /

Integrate (3) from P=0 to P, and obtain:

P 1
Yy, =§ (= av/ap);‘ ap
0

PAT _peri )/
-(—rvo,a') g (1) (Vh)/adx

o
R . (r=1)/27
g:;.g: (WO/")%E[I ¢ (P/n)‘} -li . (Ved)

"
Hovover, V, in %this equation is the free volume, V=b, at zero pressure but
8t the ontropy after the shock, and nnt identical to that bofore the shock,

From IVe7 we have, in the shook
-l .
(=aVA7) = (l/b')(P/Tr)[l Ty (P/rr)] (Va5)

z (VoeT®) Ve (V'A% )0 ,

/V'Q:[HL. P]/ALHL@] (725)
ROVEEY F PUB!_I C_REL RELEASE
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which latter gives the ratio of frees volume after shook to that before,
Lot V: be V&-‘b before shock, and V: " the free volume at zero pressure aftor
the shook, that 1a the free volums 4o which the material retwrns after the rare-

fection wave., Using (8) and (1') one has:

-]

/o -1 P P
deenfveen]” gz e L e
Rewriting (4) and replacing the V: oocurring in that equation by (7)3

. 1
P i (
3 [u-] 14 5= H-)
2 f,-’-’l- Vo) . (V+8)
b’&l. P

From (IV,7) we have, for u,

3 "ok <
Uy = =SV w BT/ S ;ﬁ%%} ) (7.9)

Combine this with (V.8) to obbain:
1 l
s 5 3
2y P <3| Yl
ul'/“s 2o [1 &:,F] - [l f% 1% gs-; fr{;. o (Ve10)
This may be developed as a power series in Pﬁr and ono obtains:

2
) 2
upfug = 1 4 Py (B/T) # eoo (7s10")




APPROVED FOR PUBLI C RELEASE

- e

VI. BQUATION SUMMARYe (A¥=0)e
We summarize the equations first with the assumption Ay = 0, One then has
four constants, of whioch the first, R, is trivial:
-1 ’
R = 1,986/ cal deg .
(M = atomio weight ),
b volume per gram,
T  pressure,

¥ dimens ionless,

From these wse form one useful combinntion:

£ = 3RE=1)T/ T (V,=b), (VI.1)
with ' o ‘

Vo = volume per gram at T, Pewm0, (Vie2)
Then with

(5:) = isothormal compressibility a (=1/7)(OVHP) ~

T,Px0
_ -l
8, = Ll - (b/VO)} [l/nr] [1 -1-"-';}1- r] . (VIe3)

from (I11,19),

o, = confficient of thermal expension = (/N )@V/QT)P__O

o /B, & WDA,) = we/e (V1.4)

from (I1I.21)

Gv = 3R
2
) o /o, = 1+ (Vg fo)
) ¥l g1 |72 ‘ '

from (II1,20).

Tho adiabatic compressibility at zero pressurae, g;do is

L3

-
R
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-y

Tado = * ™ "’V

[1-(b/“’ )] ﬁﬂ' (v1.7)

from (111.18)
The Hugoniot Curve, starting from rero pressue, is3 from (IV.6)

-]l
(= 4V) 2 (Vgub) <= [1 B (5,—*7’,-)]

(VI.s)

-]
P 2 (=AV) %}g [1 - 2(re1) é-‘“’g]
0

The ratio of the free surfeace velsacity, Upgy B0 the matorial wvelosity, u

behind the shock, is givon by the equationst
u =, [14am)]

g(P) = [1 - (“r/“s]/ [1 ¢+ (u.fug )]

X

X
s 2
ux‘/u - 1 [} + ] 1+ ] 1¢ 'Eﬁg ;;
532-2Kh5 '
21 96y (o/rf & ves (VI.3)

from (1,9) and (V,10) and (V,10'),

To solve for the parameters from the experimental detn one may procead as

follows,

Use

<t
1"

specific volume at T,Pg0,
specific heat gt T,P=0,
( 1/v)(<)v/a1')P at T,Pan,
A = -(I/V)(QV,QP)T at T,P=0,

&
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& I
j Tvoda /
ﬂado = /Ji)‘ 1 -i o - ﬂo Oy cp (VI,10)
o 7p
V‘;oco 1 - vo d'o

& °p [1 - “o] o’y

Useo
u, = 4 Upy s (Vielrz)
Pz sy /N (VI.13)
(-4v) = v, u, /s . (VI.ig)

from the data on shockse From this detarmine A in the equation

1, frae) [ 000

y = 1-A(-AY) . (VIl15)
Hug

Then use, from (4) and (5),

-1
G = Vod-o/{(go c_ = ET-Kb.;V:] R (VI,15)

from (7)
QL. )= v (VI17)
o d - ]
oo [1_?\1) ﬁfo 5‘]
and from (8)
1
AV = -&Q;Lt]:l— . (VIol®)
[1-0s/7))
Solviny these equutions:
1/ [1-(1)/»*0 )] - Avo-lgc; . (Visi9)
b = VO l - ———1—3-- ° (Vie20)
AV =26

bf{wo $ %G} / [AVO-%G , (V1,27)
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T= (1hao) | av,ide] . (V1.22)
£z [y/(1)] [1-(c,,/cp)]
53%1' [Tvod'i/{ﬁocp] o " (VI23)

Use the results %o compute ur/us and g(P), equation (VI.9), us(z) - uio)[u.g(p)l.

From (VIe13) and (VI.14) it is seen that P/(wAV) remain unchanped by the correction,

but (= AV) is increascd:

:‘ ("AV)(O) [l + ;?;(P)].

(=an)V)
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VII. BQUATICN SUMMARY (A¥70),.

There are now five constants, of which, again, R is trivial, These are:

R = (14286/}) cal deg -1 » U = atomic welight

b

volume per [ram,

=
L

= pressurs,
Y= dimensionless,
Ay = dimonsionless.
The combination )
£ = SROFAY-LIT/m(V=b) , (Vi1,1)
ogcurs freqﬁently, with )
Vo = volume por gram at T,PzO, (VIIX.z2)

Thon from (IXT,19), (IT1,21) and (III.20):

% isothermal compressitility = («1/V)(2 V/‘;E)T.P'-O
f 4

[l-(b/‘fo')] [Vb’ﬂ] [1-?:'-'-1' . , - (vn;s)

D XD

A, = cooffiolent of thermal expansion, z (l/V)(&,V/QT)P
o /,5 = SR(FAY=1)/Tomb) = TTf/’I‘, (VIZe4)
o, = %R, (VII,5)

2
14 (TV o /,fcv)

cp/c
K2

Y$Ar= - |
[ sl et} vl \
Ly oo [1 - , (VIL.e)

lgado

(-1 (av/or)

[1-(b/voﬂ [1/2; rr] [1 4 %9: rl - . (vn;'r)

The Huroniot ocurve, startine from zero pressure, is, from (IVe3), (IVe4) and

(IV,5)
V =t '
, o 1
;. - }, - e - X / -
: & B/ e 2 5 [ % ] F[ AT/, h)] (VIL.8)
5 1 ¥ £

A-Mf,,.—-';
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with,
_ 1-3(+ 8%+ )x
E (X):
1=t .
AY o wful -l
L -5e1) Ay [(1"‘) '1'(6’-1)X] x - ,  (VII,9)
' 1 = ¢
Y "o
or if

[--AV/P]Hug : (,.Bv/ap)s;P:O [1 - A(=AV) - B(..Av)2 ..--] , (VII;‘lO)

1
Az - 1) AK]/ [ Ar X . 3
Z(VO-L‘). g(b’*-h, ¢ A}ffo [1 L —?' 13 T fo ® (JII.].O',‘
oy
1-f P 4
B - L e AY m’: 5 el oYY . o (viz,io")
12(vo- L4 5 To » 13 fb—’?fo

To detormine the paramecters from experimentel data one may proceed first as
in section VI under the sssumption that AY¥ =0. That is, use:

V, = specific volume at T, P=C,

Q
"

specific heat at T, P=C,
= QA)(I7/9T), at 1,70,

&
:

SN
"

(=1 /) ( QV/QP)T at T,P=0,

as expearimental quantities, and compute:

Aoz A1~ /o]
sl [l

u(O)N a
s = % Upg

plo) - su§°)/v

(-AV)(O) =’Vo uio)/s .

P

e WEEEERE GV

e e e o g T oo e e

APPROV e C RELEASE
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petermine A%, and A1) ana B(2) vy ritting
| (o) (o),
iy o) [ o] =1 - 2P avt®y

(l/vo(fad(’) [ (-AV/P}HL\@; =1 - A(l)('av(l))-B(l)(-AV(l))2

Actually the determination of A(,l) . B(l) should not be underteken at this stape,

1)’
but must wait on the computation of AV( ), which can only be completed after the

step of equation (VII.16).

From A(o), G, ﬁado compuke

[1—(b(°)/v°)] =1/ A(°)v°.§<:] (712.11)
vl o [aloly 3o /\;x(")vo-gsl , (VIT.12)
¥, [A(°)v°+é0]/ (°)vo-%ﬂ} (vi112)
7 = 1/535‘10‘_A(°)v° ¢ %c] , (VII.14)

f(°) 43,(0)/(,6(0)_1)] {;Tvodi/lgo cl . (V11.15)

WithT = 'n'(o) and ¥ = 3’(0) concpute s

b L i
oy W p|* Ele ¥=1 P(? (VIT.1€)
"/ =571 -p-ﬂ“;} '&“A 1*?7%
o~ %2-21}’-5 2 ' ' .
=1 ¢35 (PAr) ¢ === , (VII is*)

98V

g(P) = Ll-(%/us S} / gi-(u,./u, )] , (vn;m" )
and

(-ar)® = (-Av)(°) [1 o) . (Ve |

With the corrected values of (- AV)(I), (noting thet P/(=AQV) does not change

whon u, is altered by equations (1€)) one now computos a(3) and (1) of the expan=

sicn for [-AV/P]Hug/Volgadoo .

-

Then, (fran VII,10") compute consecutively:

rvm—
— o—




APPROVED FOR PUBLI C RELEASE

av") . ve B(l){l-(b(())/vo)}~ {1?/5(3( / ]/[ l-fio)] s (VILY)

. i b&o)
aets AX(O)[I b (art®plody, (O}VL a0 o) BT «(VITa37e
G

- f ..._-....../ -
5(%°%41) s 2% (o)

With A(l); B(l) and Alr(l) form

Gt = C = Ab«(l)/ [1-(b(°)/ﬁ/o)] , (VII.1e)
, 2,00 | (o )] |

BV . A‘l)v iar /b, e, (VI9)

[1-(})( )/V )] [lﬂAb’(l)/b’(o’)f(O)]

| . - | .
B % Fe {1 ¢ @ '/vj°')f£°)] . (VII,20)

Witk these recompute:

1-(1,(1)/\:0) - 1/[A-~v-c-3a']; (VITer1)
‘n(l)/vo - [A'vo-u,éc'-l]/lzuvo-?,,ct] , tvIz,on)
:[A'VO\%G'] / [A'Vo-%G'] . (VI1,23)
@) - 1/&' [A'V {%G']? , (VII.24).
1 1
ER | e | O

Theso first order paramoters will usually bhe sufficlently oloss to those
obtained after 1nfinite repetiticn, If necessary, one may return to (17) at
this stage and repeat,

In gonoral one will find Ghet

D”( >+Ab’(l) a'( °)

that 18 ¥ (1) a1prers rromy (o) by about the value of AF,
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!

VIIT, APFLICATICK TO ALUMINUK, ot

e

Some date on Aluminun have been supplied by lir. Plecher.  The values of u, o
had already boen corrected by enotheor equution of state than that to be determined
here;; The data are tabulated in Teble 1,

From Intorngtional Critical Tables we toke:

V_ = 1/2.699 = 0,371 ee/m , t=20°C,

o
Op = 0,214 éal/m . o u’
o, = 76 45%10™C dep;-'l e Ty,
é - 1.3‘,‘:{10-6 atm.l . won n’
; .
:L/gwlo = 0,800x10” bars , (VIII.1)
Vod“o/ffo"v = C = 24040 , (Viiz,2)
Tvoocz/ﬂcp = 04,0029 , (VIZIW3)
TABLE VIIT,.1
SHOCK UATA FR Al,
P v ( _:“P -AV/E;
Noe kilobars -AJ‘/VO Wv’/" AV) [_ JH
e '77_"~_;lﬂa
i Ie) ﬁndo
1l 100,€ 01055 1060 067547
2 11747 041085 14035 047369
Z 135,0 061185 17753 07451
4 13€ 67 06,1220 1,108 067215
5 21944 01635 14242 065969
€ 2718 . 061845 1,472 065432
7 398,0 01365 1,517 065274
g 314,32 002045 1507 05703
2 20646 062060 1,489 045370
10 51642 0.,2020 1,617 06H291
11 3343 062180 1,525 0652473

Least sgmwres analysis of the data in table 1 glvrns:

e R _——
- ——— 1t

prrree SR ¢ FErEASE
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[{-Av/x;}nug/fo ﬂado} z 1-2.3209(-AVA )

o
or = 1-24496(=-AVA ) ¢ 0.23(=AVA ) ,

so that we usa elther

(o) o e

ATV = neB209 , (VII1.4)
or

A(l)vo = 2,106 , (VII1,.5)

3 1

B(l)v‘(; z ~0.97 .

se (1), (2), (3) and (4) in equations (VI,19) to (VI.22) inclusive to
ffind s

{1-‘(b(°)/\’o)]: C.952 ,

b(")/&ro - 0.0-18;

. |
r ) = 0,223x10° bars ,
(o) ' ;
¥ oz 3.418, YU 1 E3
(o)
£ = 0,0762,

From this, using tho approximate expression (VI,16') for ur/hs,
B3
" ’
W/, z 1 EZEED @2
e TE
REEARERY
ryie

-
1 $ 0,0416{Px10~C bvars) .

X ,

Since the highost pressure éivcs (}’:rclo"6 tars) = 0,110 the largest ocrrection to

4.69.
(1) (1

)
which we shall neglect. Tt was in snticipation of this that A and B could

(= AV) shoulc be

bha conputed before this asteagee
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F

[N \ \
Wle rroceed with these values cof b<o), 77'(0), nd b’(o' to caloulate AB"(O'

from equntion (VIT.17) snda A¥(1) oo (Vi1,17'), using BVi of equation (VIII.5).

One finldss

AB’(O) } (Vi B(l)) [l-b(o)/\’o] [12,’6(3’(0)&;}/[1-5'(0)]

= -0,4954,
(1)
AY = =0.1954(0,989/0.995) = ~0,4924

2 = 0.5,
The certainty of B‘Ji from the experimenlel daba is low enough Lhat thore may be

gome doubt il ~ven the ono simifieant fipure is roally simirficant,

(1) (n)

Now use A _VO of (VIIILS) instead of A" ’Vo frem (VIIT,4), and proceed with

tho equations (VIT,18) 4o (VII.20) %o find

-

Gt =G 4 [o.s/(o.gszj} = 24540 ¢ 0,526
;4 :’)0065

3 -
E‘G" - 1.05?’.

A'V = A(l)v *2025(0o07‘?2)L0.854511)
o- o (0952 )(Ce395 )

2 4496$04CL7 = 24517,

' -5
A (0e125x20™C )(04929) = 0.124x10™ bars.

Use those in VII,21 %0 VII.24 %o find

b(l)/‘vo 2 =0,019

(1)
¥ =|4 4090
(1) ' e
v =| 0200x10° bars
(1)
AY =| 0.5
(1)
b =

040641 APPRW’!T@'REE@ASE
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A ealculation to a hirher order fives consecutively:

{2)

wér s

AY" « w0,4920 [instenn or w9,1924]

¢' = 3.071, 36" = 1,516,
'Y = 2,514,

= 4,038

=
'

= 0,200710% bars ,

:’
!

- »

£ = 0,08648 ,

»

The fact that b shanges, in conseocutive calculations by a largo fraction is,
of’ ccurse, uninporsant, sineo only the guantity

1=bA7,

0e352 3in zeroth order

= 1.ﬁ19 in Pirst order

= 1,002 in second order

is of importance,
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